The chirp of single-cycle microwave fields after interaction with pairs of parallel diffraction gratings is measured in a phase-sensitive terahertz spectrometer. Novel transmission grating pairs recently proposed by Tournois, which combine diffraction and refraction effects, yield an almost linear group delay over a bandwidth that exceeds that of conventional reflection gratings by a factor of ϳ3.5. The experimentally measured group delay shows good agreement with theoretical predictions for both types of grating. The applicability of the novel transmission gratings for stretching and compression of 1 -2-fs pulses in the optical regime and the limitations set by material dispersion are discussed.
INTRODUCTION
Shaped optical pulses are attractive for many applications: e.g., ultrafast spectroscopy of atoms, molecules, and solids; laser chemistry; and optical communication. Pulse stretching and compression are essential ingredients for chirped pulse amplification. 1 Chirped optical pulses are also of interest in spectroscopy for multiphoton excitation of anharmonic oscillators, 2 in communications for precompensating for the material dispersion in fibers, and in electronics for the optical oscilloscope measurement technique. 3 Extremely stable femtosecond optical pulses now available from modern modelocked solid-state lasers can be transformed into arbitrary shapes by external manipulation of the spectral amplitude and phase distribution. 4 Nonlinear filtering has been shown to be capable of operations such as spectral inversion to compensate for dispersion in fibers. 5 In the microwave domain chirped pulses may be particularly appropriate for studying Rydberg atoms 6 and for use in high spatial resolution radar as a way to precompensate for atmospheric dispersion. Terahertz pulses with specially chosen phases could be used for stepwise excitation of molecular rotational transitions to achieve 100% population transfer to a highly excited state, in analogy to recent studies with vibrational transitions in the optical regime. 7 In the chirped pulse amplification technique the input pulse is stretched before amplification by being propagated through a pair of parallel diffraction gratings spaced a distance 1d apart, so that the group-delay dispersion is negative [ Fig. 1(a) ]. This widely used geometry was originally proposed by Treacy. 8 After amplification the pulse is recompressed by being propagated through a second pair of gratings, which are imaged to an effective distance 2d apart, so that the group-delay dispersion is positive. If the pulses to be stretched have too large a bandwidth, the nonlinear frequency chirp (i.e., cubic phase dispersion) introduced by conventional grating pairs will prevent recompression to the original pulse width. For future applications of the chirped pulse amplification technique to the generation of terawatt pulses with durations of 10 fs or less this nonlinearity represents a severe limitation.
Partial compensation of the disturbing cubic phase dispersion has been accomplished by use of combinations of prisms and gratings. 9 This approach, however, suffers from considerable optical losses because the pulse has to pass a series of four gratings and four prisms. Simon et al. 10 showed theoretically that specially designed gratings with variable groove spacings and angles of incidence can compensate for an arbitrary group-delay dispersion. Experimental verification is still missing, however, because of the difficulty of fabricating such gratings. Recently a new diffraction grating was proposed, 11 one with a line pattern engraved on a prism of refractive index N [ Fig. 1(b) ]. A parallel arrangement of two of these novel transmission gratings is expected to provide a highly linear group-delay dispersion over a large spectral range. Such a device should permit a pulse to be stretched by many orders of magnitude and then later to be compressed to its original duration.
We have chosen microwave pulses to demonstrate the response of this type of system to ultrabroadband electromagnetic pulses because freely propagating single-cycle pulses can be easily obtained from an optically triggered photoconductive switch. Such pulses have a bandwidth as large as the center frequency, whereas optical pulses are still limited to ϳ5 cycles, 12, 13 i.e., a bandwidth of approximately 1͞5 of the center frequency. Our study can thus be viewed as simulating the stretching of single-cycle optical pulses with 1-2 fs durations. We discuss the implications of our experimental results for the application of Tournois gratings in the visible range of the spectrum, where material dispersion will no longer be negligible.
The paper is structured as follows. The terahertz spectroscopy technique is described in Section 2. The results obtained with conventional reflection gratings in the Treacy geometry and their analysis are presented in Section 3. Experiments with Tournois grating pairs are described and compared with the Treacy results in Section 4. An intuitive description of the Tournois tech- nique and its limitations are presented in Sections 5 and 6. In Section 7 we summarize.
PROCEDURE
Terahertz pulses are generated by the technique of using an optical pulse to short a photoconductive gap under external bias. 14 Our optical pulses have a duration of the order of 100 fs, a wavelength of 620 nm, an energy of 0.4 nJ, and a repetition rate of 120 MHz. The timevarying current in the gap radiates a pulse with a duration of ϳ2 ps and therefore a bandwidth of ϳ1 THz. The 30 -90-mm antenna is smaller than many of the wavelengths generated, so radiation is emitted essentially isotropically. The radiation, which is collimated by a silicon lens and aluminum parabolic mirror, has an energy of 0.25 -0.5 fJ and serves as the input to the pulse stretcher.
The beam transmitted through the stretching apparatus is detected by a second antenna, identical to the first except that the incident microwave field takes the place of the external bias. Optical pulses from the same laser sensitize the receiving antenna. Thus the time-averaged photocurrent in the receiving antenna is proportional to the electric field of the microwave pulse (not the power) at the arrival time of the optical pulse. We sample the microwave pulse waveform in steps of 200 -300 fs by varying the arrival time of the optical pulse. In this way we obtain both the amplitude and the phase, whereas in the optical region of the spectrum, at frequencies 1000 times higher, usually only the pulse envelope is observed with conventional cross-correlation techniques.
Figure 2(a) shows the temporal waveform of the input microwave pulse. The pulse is nearly transform limited, i.e., the phase is highly linear in frequency, so it is already optimally compressed. The Wigner function of the pulse, given by
is shown in Fig. 3(a) . The Wigner distribution function is useful for quantitatively analyzing the frequency content of a pulse as a function of time. 15 The height of W at the point ͑v, t͒ can be interpreted as the power density of frequency components at v present in the pulse at time t. 16 In the case of our input pulse, note that cross sections of W ͑v, t͒ at constant t (i.e., the instantaneous spectra) have essentially the same shape for all t, aside from an amplitude factor, which shows that the input pulse has no chirp.
To stretch the pulse, we use first a pair of parallel diffraction gratings in reflection (i.e., the Treacy geometry), which are well known to have a longer group delay 8 ]. An analysis of this geometry has predicted a t͑v͒ with a deviation from linearity smaller than 10% over a bandwidth equivalent to the pulse center frequency. The results obtained with these two geometries are discussed in Sections 3 and 4.
TREACY GRATING RESULTS
The pulse transmitted through the Treacy grating pair is clearly stretched in time and chirped [ Fig. 2(b) ]. The two gratings are separated by 35 mm, and the angle of 
where u͑v͒ and u 0 are the angles between the grating normal and the diffracted and the incident beams, respectively. k͑v͒ is the wave vector of the electromagnetic field, a is the grating constant, and p an integer representing the diffraction order. Propagation through the grating pair is described by a multiplicative factor T ͑v͒ r͑v͒exp͓if͑v͔͒, where r͑v͒ represents loss, and f͑v͒ is the phase factor that is responsible for the stretching, given by 8 f͑v͒ vt͑v͒ 1 ͑2pd͞a͒tan u͑v͒ .
t͑v͒ is the group delay given by the frequency-dependent path length divided by c [see Eq. (4)]. To fit the experimental curve, we introduced two free parameters: (i) a constant phase that is completely arbitrary and (ii) a linear phase f vt, which represents an arbitrary choice of the input and the output planes. The theory and the experiment clearly agree. The group delay, t͑v͒ df͑v͒͞dv, which we obtained by smoothing and differentiating the phase, is shown in Fig. 4(b) . It corresponds to a projection of the peak of the Wigner function onto the ͑v, t͒ plane. The theoretical form for the group delay, also shown in the figure (dotted curve), is given by 8 t͑v͒ ͓d͞c cos u͑v͔͒ ͕1 2 cos͓u 0 2 u͑v͔͖͒ .
To fit the experimental curve, we translated the theoretical curve vertically by the same factor t that was used above to fit the phase. A vertical asymptote in t appears at the frequency that is diffracted parallel to the first grating so that it never reaches the second grating. The group delay in the region of 0.5 THz is evidently linear (to 10%) over a bandwidth of only ϳDn͞n 0.2. An improved linearity can be obtained at higher frequencies, but only at the expense of a reduced group-delay dispersion. At 0.5 THz, for example, a stretch of 5 ps is possible, taking a slope of dt͞dn 249 ps͞THz and a 10% bandwidth of 0.1 THz. At 1.0 THz the 10% bandwidth is 0.19 THz, but the slope is only 212 ps͞THz, so a stretch of only 2 ps is possible. Therefore such a reduction in the dispersion would in turn have to be compensated by gratings with shorter periods or larger spacings.
TOURNOIS GRATING RESULTS
The pulse transmitted through the Teflon prism gratings is also clearly stretched in time and chirped. Figure 5 shows the electric field of the transmitted pulse for three different values of the grating separation. Diffraction at the Tournois grating is governed by an equation similar to Eq. (2): Here N is the refractive index of the prism material. We have measured the index of this sample of teflon to be 1.4406 6 0.01% in the range 0.2 -0.8 THz. For this type of grating the phase factor of the transfer function 11 is again given by Eq. (3), except that the expression for t͑v͒ is modified to
The experimentally determined phase at a fixed separation of 10 mm and various angles of incidence is shown in Fig. 6 . The group delay for the same angles is shown in Fig. 7 .
For an incident angle u 0 less than the critical angle for total internal reflection, the group delay is similar to the Treacy geometry in that there is a vertical asymptote at low frequency and no inflection point at finite frequency, i.e., the curve is always concave upward [ Fig. 7(c) ]. For incident angles greater than the critical angle for which the prism is designed to operate, an inflection point appears in conjunction with a vertical asymptote at higher frequencies [ Figs. 7(a) and 7(b) ].
The appearance of an inflection point implies a large region of linear group-velocity dispersion. For an angle of incidence of 57.5 ± , t͑v͒ is linear (to 10%) within a bandwidth of ϳDn͞n 0.71 about the inflection point (Fig. 7) . Thus at 0.5 THz and a grating separation of 35 mm, for example, a stretch of 61 ps is possible, taking a slope of dt͞dn 2173 ps͞THz and a 10% bandwidth of 0.35 THz. It should be emphasized that in the case of the prism grating the linearity does not come at the expense of a reduced dispersion in the group delay, in contrast to the case for the Treacy grating. The Wigner function of the stretched pulse clearly shows a large region of linear dispersion as well as the two asymptotes (Fig. 8) .
DISCUSSION
The improved performance of the prism grating relative to the reflection grating is due to the combination of total internal reflection and refraction in a transmission grating fabricated on a material with N . 1. The principle of the Tournois grating can be understood with the aid of Fig. 9 . Fig. 6 . Phase spectra for the Tournois grating at various angles of incidence. Fig. 7 . Group-delay spectra for the Tournois grating for the same angles of incidence as in Fig. 6 . The shaded areas represent semi-infinite slabs. In practice the exterior faces can be cut perpendicular to the incident and the transmitted beams to eliminate refraction. The group delay, t͑v͒, is determined between point A and plane B, whose angle is normal to the propagation of the beam but whose position is arbitrary as long as all parts of the beam intersect it after having been diffracted twice. For N 1, the shortest path (not shown in Fig. 9 ) from point A to plane B is perpendicular to B, i.e., the path followed by the zeroth-order diffracted beam, or the components at v `. All other diffracted beams (of order 6p) follow a longer path; in particular, for each order one frequency, v 2 , is diffracted at a grazing angle and takes an infinitely long time to reach plane B. Therefore the group delay for either order will have a vertical asymptote at v 2 and a horizontal asymptote at a value that could be chosen comparable to d͞c, the time to transverse the gap at normal incidence.
The index of refraction of the grating material represents an additional design degree of freedom. It is used to linearize t͑v͒ in the same way that a spherical lens equalizes the time delay between rays propagating between a point object and a point image. For incident angles less than the critical angle, the zeroth-order beam again follows the path, given by Snell's law, which represents the shortest delay between point A and plane B. The group delay still takes a form similar to that of the case N 1, except that the horizontal and the vertical asymptotes are shifted [ Fig. 9(a) ].
At the critical angle of incidence the zeroth-order beam propagates parallel to the interface and crosses the gap in a time infinitely longer than d͞c, i.e., at v `; the group delay is 2`(relative to d͞c) [ Fig. 9(b) ]. It is only at angles of incidence larger than the critical angle that the zeroth-order beam does not cross the gap between the gratings; in fact the beam no longer exists, owing to the total internal reflection. At this point only positive orders ͑ p . 0͒ propagate between the gratings. The first radiation coupled out by the grating, which propagates parallel to the interface, now has a finite frequency and yields the high-frequency asymptote in Fig. 9(c) . The importance of a second asymptote is that between the two there is an inflection point at which t͑v͒ both has a substantial slope and is linear over a wide frequency range.
LIMITATIONS
So far our analysis has assumed that the refractive index of the substrate material exhibits no dispersion. This approximation is justified for experiments with a Teflon prism in the terahertz regime, where we have determined that the dispersion is negligible. However, no known material is dispersion free in the optical regime over a bandwidth comparable with the frequency of visible light. Therefore the influence of material dispersion has to be estimated before we conclude that Tournois gratings are suitable for stretching ultrashort optical pulses. In this section we investigate the limitations on the linear pulsestretching regime of a Tournois configuration that are imposed by a frequency-dependent N in Eq. (5).
To illustrate the effect of dispersion, we consider an index that varies across the spectrum in question, by including both linear and quadratic terms in a Taylor series expansion about the inflection frequency v 0 (for the zero-dispersion case): Fig. 9 . Operation of the Tournois grating for angles of incidence (a) less than, (b) equal to, and (c) greater than the critical angle.
The choice of the reference plane is now no longer arbitrary, because the frequency dependence of the group delay will have a component that is due to propagation within the prism itself. We therefore choose a reference plane that represents the minimal propagation through dispersive material, a plane that intersects the second grating coincident with the highest frequency to be collected, which is diffracted at angle u hi . To collect all frequencies up to the high-frequency asymptote would require an infinitely thick prism, which would exaggerate the effect of material dispersion. The new choice of the reference plane leads to a group delay that has a frequency dependence that is different from t R when dispersion is present but that differs by only a constant when dispersion is absent:
where N g is the group index of refraction. The index affects both the diffraction at the grating surface and the propagation within the prism material itself. The effect of material dispersion on the nonlinearity of t D is readily seen by calculation of the normalized groupdelay spectra, given by
t L is the tangent to t D at v 0 . Figure 10 shows d for the following choice of parameters: a 1.8 mm, N 0 1.4, and u hi 3p͞8. The effect of a change in index on the asymptotes can be qualitatively seen from Eq. (5): As the index increases, the asymptotes in d ͑sin u 61͒ move to lower frequencies, and vice versa. One can also see from Eq. (5) that the major effect of a change in index is on the high-frequency asymptote; when pl͞a is large compared with N sin u 0 , the index plays a minor role in determining the angle of the diffracted beam. Thus in a material with a positive linear dispersion ͑a . 0͒ the high-frequency asymptote moves to lower frequencies and the low-frequency asymptote moves very slightly to higher frequencies [ Fig. 10(a) ]. Thus the bandwidth can be expected to decrease. Figure 11(a) shows the inflection frequency and the frequencies n hi and n lo at which the deviation from linearity is 10% and 1%. As the inflection point moves to lower frequencies with increasing a, the bandwidth (given by n hi 2 n lo ) decreases as well. For a 0.3 THz -1 the bandwidth is approximately 35% smaller than the value at a 0. A large positive material dispersion can be expected to counteract the grating dispersion and does lead to an inflection point with zero total dispersion at a value of a 1.4 (Fig. 12) . Surprisingly, for small a the effect on the refraction counteracts the material dispersion, and at a ഠ 0.1 the group delay achieves its maximum negative slope.
In a material with negative linear dispersion ͑a , 0͒ the high-frequency asymptote moves to substantially higher frequencies, and the low-frequency asymptote moves only very slightly to lower frequencies. Thus the bandwidth can be expected to increase. Figure 11(a) shows that as the inflection point moves to higher frequencies with increasing a the bandwidth also clearly increases. For a 20.15 THz -1 the inflection frequency and the bandwidth are 80% larger than the value at a 0 (for 10% Fig. 10 . Normalized group-delay spectra for the Tournois grating with various amounts of (a) linear and (b) quadratic dispersion. deviation). A negative material dispersion might be expected to reinforce the grating dispersion, but in fact the slope of t D at the inflection point becomes less steep for a , 0 (Fig. 12) . The largest effect is on the bandwidth. It should be noted, however, that this theoretical result is not really germane to applications in the visible region of the spectrum, because no known material has an anomalous dispersion over an interval comparable with the frequency of visible light.
A quadratic dispersion has an effect on the group delay that is qualitatively similar to that of a linear dispersion because the index change plays a large role only at high frequencies [ Fig. 10(b) ]. Whether the index increases or decreases at low frequencies has little effect on the position of the low-frequency asymptote. The highfrequency asymptote still moves in the sense opposite to the index whether the variation is quadratic or linear. Thus for b . 0 the high-frequency asymptote moves to lower frequencies, and the bandwidth decreases (Fig. 11) . For b , 0 the high-frequency asymptote moves to higher frequencies, and the bandwidth increases. The slope at the inflection frequency varies nearly linearly with b (Fig. 12) .
It is now possible to estimate the influence of dispersion on the group delay of a visible pulse. Because u depends on l͞a, Fig. 10 applies equally well to the visible region of the spectrum, for a grating period of a 1.8 mm, if the horizontal scale is read in petahertz instead of terahertz. Consider a pulse at n 0.485 PHz (l 625 nm) with a bandwidth Dn 0.5n 8000 cm -1 stretched by a Tournois grating pair with 1000 lines͞mm fabricated on fused silica prisms. From the results of Fig. 11 , a pair of such gratings, separated by 10 cm, will stretch a 2-fs pulse to 0.8 ps. The full width at half-maximum of such a pulse would cover the spectrum 500-830 nm, corresponding to a transform-limited duration of ϳ2 fs for a sech 2 pulse shape. A Taylor expansion for the refractive index of fused silica yields a 0.02 PHz -1 and b 0.05 PHz -2 for the spectral range between 230 and 800 nm. Thus a device fabricated on fused silica should provide a useful bandwidth for stretching (or compression) of ultrashort pulses with Dn͞n as large as 0.5 according to Fig. 11(a) . Finally it should be mentioned that our analysis has neglected two effects: Both the Treacy and the Tournois schemes are affected by higher-order diffraction, which is inevitable in systems involving frequencies varying by more than an octave, and also by the varying grating efficiency across the spectrum. Amplitude spectra taken with a 10-mm separation and a 57.5
± angle of incidence show that the grating efficiency is reasonably constant as a function of frequency (Fig. 13 ).
CONCLUSIONS
Coherent time-domain spectroscopy has been used to study directly the action of a grating pair on the phase of an electromagnetic pulse in the terahertz spectral region. Good agreement between the experimental results and the calculated performance is obtained for both a conventional pair of reflection gratings and a novel geometry proposed by Tournois, which utilizes refraction as well as diffraction. In particular, the improved bandwidth of the Tournois prism -grating is demonstrated. Although the experiments described in this paper benefit from the small material dispersion in the terahertz regime, calculations that take dispersion into account show that these devices are also attractive for stretching femtosecond pulses in the visible, where dispersion is nonnegligible. Compared with combinations of standard prism and grating stretchers or compressors, the novel devices provide the advantage of a reduced number of individual components and correspondingly smaller insertion losses.
It should be mentioned that the Tournois gratings can be used for more general pulse-shaping processes in the terahertz regime through the addition of amplitude and phase filters, in straightforward analogy with studies carried out in the visible. Our work provides another example of the utility of microwave pulses for studying phenomena or devices that were originally conceived for the optical spectrum. Experiments in the terahertz regime offer three distinct advantages: (i) The problem of fabricating new devices is much easier on a length scale of millimeters as opposed to micrometers; (ii) an electric field oscillating at a terahertz frequency can be measured directly, whereas at optical frequencies more complicated methods are required 17 ; and (iii) problems introduced by material dispersion are easier to avoid in the microwave region. This approach was recently applied to the study of photonic band-gap materials. 18 we thank P. Tournois for pointing out how to generalize Eq. (6) to the dispersive case. J. O. White acknowledges funding by the Alexander von Humboldt Foundation. *Present address, Laboratoire de Physique, Université de Bourgogne, 21000 Dijon, France.
